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ABSTRACT 

This  paper  contains  a  design  procedure  for  constructing  finite 
dimensional  compensators  for  a  class  of  infinite  dimensional  systems  with 
unbounded  input  operators.  Applications  to  retarded  functional  differential 
systems  with  delays  in  the  input  or  the  output  variable  and  to  partial 
differential  equations  with  boundary  input  operators  are  discussed. 
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SIGNIFICANCE  AND  EXPLANATION 


For  a  large  number  of  control  and  observation  processes  appropriate 
mathematical  models  incorporate  partial  or  functional  differential  equations 
and  therefore  give  rise  to  differential  equations  in  an  infinite  dimensional 
state  space*  In  order  to  improve  the  stability  properties  of  the  underlying 
process,  dynamic  compensators  have  to  be  designed.  A  straight  forward 
generalization  of  the  finite  dimensional  theory  leads  to  compensators  which 
themselves  are  infinite  dimensional  systems  and  therefore  cannot  be 
implemented  directly.  Hence  the  question  arises  whether  it  is  possible  to 
stabilize  an  infinite  dimensional  system  through  a  finite  dimensional 
compensator.  This  problem  is  not  new,  however  previous  results  are  restricted 
either  to  a  special  class  of  infinite  dimensional  systems  or  to  systems  with 
bounded  input/output-operators.  But  for  many  control  and  observation 
processes  there  are  severe  limitations  such  as  delays  in  the  control  actuator 
and  measurement  devices  and  restrictions  of  controls  and  sensors  to  a  few 
points  of  the  boundary  of  the  spatial  domain.  Modelling  such  limitations 
results  in  unbounded  input/output-operators. 

It  is  the  purpose  of  this  paper  to  present  a  general  approach  for  the 
design  of  finite  dimensional  compensators  for  infinite  dimensional  systems 
which  allows  for  unbounded  input/output-operators  and  can  be  applied  to 
parabolic  and  hyperbolic  PDEs  as  well  as  retarded  and  neutral  FDEs . 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
suntary  lies  with  MRC,  and  not  with  the  authors  of  this  report. 


FINITE  DIMENSIONAL  COMPENSATORS  FOR  INFINITE  DIMENSIONAL 
SYSTEMS  WITH  UNBOUNDED  CONTROL  ACTION 

R. F.  Curtain*  and  D.  Salomon** 

1.  INTRODUCTION 

In  [15],  [16],  [17]  SCHIMACHER  presented  a  design  procedure  for  constructing 
stabilising  compensators  for  a  class  of  infinite  dimensional  systems.  The  novel  feature 
was  that  the  compensators  sere  finite  dimensional  and  that  they  could  be  readily 
numerically  calculated  from  finitely  many  system  parameters.  The  class  included  those 
systesw  described  by  retarded  functional  differential  and  partial  differential  equations 
provided  that  the  eigenvectors  of  the  system  operators  were  complete  and  provided  that  the 
input  and  output  operators  were  bounded.  In  [3]  CURTAIN  presented  an  alternative 
compensator  design  which  applied  to  essentially  the  same  class  of  systems,  except  that  for 
the  special  case  of  parabolic  systems  unbounded  input  and  output  operators  were  allowed. 

By  means  of  enlarging  the  state  space  of  the  given  distributed  boundary  control  system, 
CURTAIN  in  [2]  essentially  transformed  the  original  problem  with  unbounded  control  into 
one  with  bounded  control  action  so  that  the  techniques  of  either  [16]  or  [3]  could  be 
applied.  The  resulting  control ,  however,  was  of  integral  type.  Neither  of  these  two 
compensator  designs  are  applicable  to  retarded  systems  with  delays  in  the  control  or  the 
observation. 

In  the  present  paper  we  make  use  of  the  abstract  approach  developed  by  SALAMON  [14] 
to  extend  the  results  of  SCHtMACHBR  [16]  to  allow  for  unbounded  control  action.  This  is 
done  in  a  direct  way  without  reformulating  the  original  problem  into  one  with  a  bounded 
input  operator.  In  section  2  we  outline  the  abstract  formulation  and  prove  a  theorem  on 
the  existence  of  a  finite  dimensional  compensator  paralleling  the  development  in  [16].  In 
section  3  the  general  approach  is  then  applied  to  retarded  functional  differential  systems 

•Matheswtisch  Instituut,  Rijksunivsrsiteit  Groningen,  The  Netherlands 
Sponsored  by  the  U.S.  Army  under  Contract  No.  DAAG29-80^-004l. 

••This  material  is  based  upon  work  supported  by  the  National  Science  Foundation  under 
Grant  No.  MCS-8210950. 
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with  delays  in  either  the  input  or  the  output  variables.  The  conditions  are  easy  to  check 
and  they  are  quite  reasonable,  except  for  the  assumption  of  completeness  of  the 
eigenfunctions  which  seems  to  be  too  strong.  In  a  special  case  we  are  able  to  weaken  this 
assumption . 

Finally,  in  section  4,  we  show  how  boundary  control  systems  fit  into  the  abstract 
framework  of  section  2  and  give  an  example,  ttie  results  are  compared  with  the  approach  in 
[3]  • 

2.  A  GENERAL  RESULT 

We  consider  the  abstract  Cauchy  problem 

(2.1)1)  x(t)  -  Ax(t)  ♦  Butt),  x(0)  •  xQ  e  X, 

(2.1,2)  ytt)  -  cx(t), 

on  the  real,  reflexive  Banach  space  X  where  A  , 
generator  of  a  strongly  continuous  semigroup  S(t) 

In  order  to  give  a  precise  definition  of  what 
we  need  an  extended  state  space  Z  3  X  .  For  this 

subspace 

*  •  • 

Z  -  P.(A  )  C  X 
X 

endowed  with  the  graph  norm  of  A*.  Then  z*  becomes  a  real,  reflexive  Banach  space  and 
the  injection  of  Z*  into  X*  is  continuous  and  dense.  Defining  Z  to  be  the  dual 
space  of  Z* ,  we  obtain  by  duality  that 


P(A)  ♦  X  is  the  infinitesimal 
on  X  and  C  8  L(X,rf*). 
we  mean  by  an  unbounded  input  operator 
purpose  let  us  first  introduce  the 


X  C  Z 


with  a  continuous  dense  injection 


RBI  ARKS  2. 1 


•  *  *  * 

(i)  A  can  b«  regarded  as  a  bounded  operator  from  Z  into  X  and  S  (t)  restricts 

* 

to  a  strongly  continuous  semigroup  on  Z  .  By  duality,  A  extends  to  a  hounded  operator 
from  X  into  Z.  This  extension,  regarded  as  an  unbounded  operator  on  Z,  is  the 
infinitesimal  generator  of  the  extended  semigroup  S(t)  e  L(Z)  (see  [14,  Imiwna  1.3.2]). 

(ii)  If  |i  0  <J(A)  -  o(A*),  then  the  operator  ul  -  A  :  X  *  Z  is  bijective. 
Furthermore,  this  operator  commutes  with  the  semigroup  S(t)  so  that  it  provides  a 
similarity  action  between  the  semigroups  S(t)  B  L(X)  and  S(t)  6  Hz). 

(iii)  It  follows  from  (ii)  that  the  exponential  growth  rate  of  the  semigroup  S(t)  is 
the  same  on  the  state  spaces  X  and  Z,  i.e. 

i»0  -  lim  t"1  loglS(t)l  «  lim  t  1  loglS(t)l^{z) . 

(iv)  It  also  follows  from  (ii)  that  the  spectrum  of  A  on  the  state  space  X  coincides 
with  the  spectrum  of  A  on  Z  (see  (14,  lemma  1.3.2}).  Furthermore,  the  generalised 
eigenvectors  for  both  operators  are  the  same ,  since  the  eigenvectors  of  A  on  z  are 
contained  in  PZ<A)  -  X.  Finally,  the  (generalised)  eigenvectors  of  A  are  complete  in 
X  if  and  only  if  they  are  complete  in  Z. 


we  will  always  assume  that  B  is  a  bounded,  linear  operator  from  R*  into  Z. 
However,  we  want  the  solutions  of  (2. 1  *  1 >  to  be  in  the  smaller  space  X  on  which  the 
output  operator  is  defined.  Therefore  we  need  the  following  hypothesis. 


(HI)  For  every  T  >  0  there  exists  a  constant  bT  >  0  such  that  j  S(T-s)Bu(a)ds  e  X 

0 


•  /  S(T-s ) But s) dsl  <  b  lu(*)l  , 

0  Lp[0,T;R*} 


for  every  u(»)  B  LP[0,T»**]  where  1  <  p  <  • 


In  the  following  we  collect  soae  important  consequences  of  (HI)  which  have  been 
established  in  [14,  section  1.3], 

REMARKS  2.2 

(i)  (HI)  is  satisifed  if  and  only  if  the  inequality 

IB*S*(* )x*t  ,  <  b  lx*l  . 

Lq[0,T,Rl]  T  X* 

holds  for  every  x*  6  Z*  and  every  T  >  0  where  1/p  ♦  1/q  “  1 . 

(ii)  If  (HI)  is  satisfied,  then 

t 

(2.2)  x(t)  -  S(t)x„  J  S(t-s)Bu(s)ds  e  X 

0 

is  the  unique  strong  solution  of  (2. 1 » 1 )  for  every  xQ  e  X  and  every 
u(*)  e  LP[0,Tj«l] .  More  precisely  x(t)  is  continuous  in  X  on  the  interval  [0,T] 
and  satisifies 

t 

x(t )  ■  x0  +  J  [Ax(s)  ♦  Bu(s)]ds,  0  <  t  <  T, 

0 

where  the  integral  has  to  be  understood  is  the  state  space  Z.  Thus  equation  ( 2. 1 » 1 )  is 
satisfied  in  the  space  Z  for  aleost  every  t  8  [0,T]. 

(ill)  If  (HI)  is  satisifed,  then  for  every  w(«)  8  C[0,T»x]  there  exists  a  unique 
x(«)  8  C[0,T|X]  satisfying  the  equation 

t 

x(t)  «  w(t)  +  j  S( t-s ) BFx ( s ) da ,  t  >  0. 

0 


This  solution  x( • )  depends  continuously  on  w( • ) 


(2.6) 


(2.7) 


t 

x(t)  -  VtJx,,  *  J  Sp(t-e)f  (a)ds,  0  <  t  <  T  . 

0  r 

Wien 

t 

( 2.8)  x ( t )  -  S(t)x  +  j  S(t-a) [BFx(s)  ♦  f ( s ) ] de ,  0  <  t  <  T  . 

°  0 

PROOF  Statement  (i)  has  been  shown  in  [14,  theorem  1.3.7]  and  (11)  follows  from  [14, 

* 

theorem  1.3.9]  since  the  input  space  is  finite  dimensional.  By  (ii),  Sp(t)  restricts 

•  * 

to  a  strongly  continuous  semigroup  on  z  -  V( Ap)  and  hence  Sp(t)  extends  to  a 

semigroup  on  Z.  By  remark  2.1(1),  the  extended  semigroup  is  generated  by  the  adjoint 

*  *  •  » 
operator  of  where  is  regarded  as  a  bounded  operator  from  Z  into  X  .  This 

proves  statement  (iii). 

In  order  to  establish  statement  (iv),  let  us  first  assume  that  v(»)  e  (?  10,  T/K*]  and 
let  x( * )  8  C[0,T;X]  be  the  unique  solution  of  (2.4).  Wien  it  follows  from  Remark  2.2 
(ii)  that  x(’)  e  C1[0,TiZ)  and 

d/dt  x( t )  -  (A  +  BF)x(t)  +  Bv(t) ,  0  <  t  <  T  . 

Hence  it  follows  from  (iii)  and  a  classical  result  in  semigroup  theory  that  x( • )  is 

given  by  (2.5).  In  general,  statement  (iv)  follows  from  the  fact  that  the  unique 

solutions  of  both  (2.4)  and  (2.5),  regarded  as  continuous  functions  with  values  in  Z, 

P  t 

depend  continuously  on  v(«)  e  L  [o,T>R  ]. 

It  follows  imswdiately  from  (iv)  that  (HI)  is  satisfied  with  S(t)  replaced  by 
Sp(t).  How  let  x(t),  t  >  0,  be  defined  by  the  RHS  of  (2.6).  Then  it  follows  from  (iv) 
that 


-6- 


t  8 

x(t)  -  S(t)x  +  J  S(  t— s )b[ p J  S  (s-t )BFS(t )xdT  +  FS(s)x]da 
0  0 

t 

-  S(t)x  +  J  S(t-s)BPx(s)ds 
0 

for  t  >  0  ,  and  hence  x(t)  -  Spftjx,  by  the  definition  of  Sp(t).  This  provea 
statement  (v). 

Statement  (vi)  can  be  eatabliahed  straight  forwardly  by  inserting  (2.3)  into  (2.7) 
and  interchanging  integrals. a 

The  aim  of  this  section  is  to  give  sufficient  conditions  under  which  system  (2.1)  can 
be  stabilised  by  a  finite  dimensional  compensator  of  the  form 

< 2.9 1 1 )  w(t)  •  Mw( t)  -  Hy(t) ,  w( 0)  -  wQ, 

(2.9)2)  u( t )  -  Kw(t)  ♦  v(t), 

NXN  Nxm  («N 

where  M  6  R  ,  H  e  R  ,  X  8  R  are  suitably  chosen  matrices.  To  this  end  we  need 
the  following  well  poeedness  result  for  the  connected  system  (2.1),  (2.9). 

PROPQ8ITIOH  2.4 

bet  (HI)  be  satisfied.  Then  for  all  x„  6  X,  w_  8  RM ,  v(«)  e  1?  [0,»;R*1  there 

■  '  1  u  U  IOC  - 

exists  a  unique  solution  pair  x(t),  w(t)  of.  (2.1)  and  (2.9).  This  means  that  x(t)  is 
continuous  In  X  and  absolutely  continuous  In  Z,  that  (2.1>1)  is  satisfied  for  almost 
every  t  >  0  where  u(t)  Is  given  by  (2.9;2)  and  that  w(t)  8  RN  is  continuously 
differentiable  and  satisfies  (2.9;1)  where  y(t)  is  given  by  (2.1)2). 

PROOF  bet  us  introduce  the  spaces  X(*l»l?(2#*Z*lPl0(* 
operators  S#(t)  8  t(Xe),  8  L(De,Z#),  %  8  L(Xfl,Ue)  by 


R*  x  R®  and  the 


.<t)  -  [ 


S(t)  o 


1'  Be  ■  I!  *e  -  I! 


Then  hypothesis  (HI)  is  satisfied  with  X,  2,  S(t),  B  replaced  by  Xe,  Ze,  Se(t),  Be, 

respectively.  Moreover  x(t)  e  X  and  w(t)  e  satisfy  (2.1)  and  (2.9)  in  the  above 
sense  if  and  only  if  the  following  equation  holds  for  every  t  >  0 


x  t 

f  .  i  , 


(x::n - >  <o(  °)  ♦  J  s< t-.)B [F r<sh  +  (v's))]<js 

w(t)'  e  vwQ'  0  6  e  e  "(a)  0 


This  proves  the  statement  of  the  Proposition. 


The  following  hypothesis  together  with  (HI)  will  turn  out  to  be  sufficient  for  the 
existence  of  a  stabilising,  finite  dimensional  compensator  for  system  (2.1).  It 
generalises  the  approach  of  SCHUMACHER  [15],  [16],  [17]  to  systems  with  unbounded  input 
operators. 


(H2)  Suppose  that  there  exist  operators  F  e  L(X,R*),  G  e  L(rf*,X)  and  a  finite 

dlsMnsional  subspace  H  C  X  such  that  the  following  conditions  are  satisfied. 

1.  The  feedback  semigroup  Sy(t)  6  L(X),  defined  by  (2.3),  is  exponentially  stable. 

2.  The  observer  semigroup  S  (t)  e  L(X),  generated  by  A  +  GC  is  exponentially 
stable . 

3.  SF(t)W  C  W  for  all  t  >  0. 

4.  Range  G  C  w. 


If  (H2)  is  satisfied  and  N  -  dim  W,  then  there  exist  linear  maps  i  :  R  +  x, 
N 

i  i  X  ♦  I  satisfying 


(2.10) 


wt  “  id,  t»x  -x,  x  e  W 


We  will  show 


Moreover,  W  C  J?(Ap)  and  hence  »Api  is  a  well  defined  linear  map  on  RN. 
that  the  system 


(2.11) 


w( t )  -  w(Af  +  GC)\w(t>  -  nGy(t),  w(0)  =  w  , 
u(t)  «  Flw(t) , 


defines  a  stabilizing  compensator  for  the  Cauchy  problem  (2.1). 


THEOREM  2.5 

If  (HI),  (H2)  and  (2.10)  are  satisfied,  then  the  closed  loop  system  (2.1),  (2. 
exponentially  stable. 

PROOF  By  Proposition  2.4,  the  system  (2.1),  (2.11)  is  a  well  posed  Cauchy  problem, 
let  x(t)  e  X,  w(t)  e  r”  be  any  solution  pair  of  (2.1),  (2.11)  and  define 


(2.12)  z(t)  -  lw(t>  -  x ( t )  e  X,  t  >  0  . 


Then 


(2.13)  w(t)  -  wApiwJt)  +  wGCz(t)  , 

xA  it 

and  hence,  using  xSp(t)i  -  e  and  Theorem  2.3  (vi)  with  f(t)  «  GCz(t),  we  get 


t 

-  ixS  (t)iw  +  J  »*S  (t-s)ixGCz(s)ds  -  x(t ) 

0  0 

t 

-  Sp't)»wo  +  J  Sp ( t-s ) GCz ( s ) ds  -  x(t ) 

0 

t 

-  S(  t )  IK  J  S(t-s)  [BFlw(s)  +  GCz(s  )  ]  ds 


11)  is 


Now 


t(t> 


>  2 

iV*< 


-  S( t)x  -  /  S(t-0>Bu(s)da 
0  0 


S( t )r( 0 )  +  /  S(t-s)GCz( s)ds,  t  >  0  . 
0 


Thia  implies  s(t)  “  S“(t)*(0)  and  hence,  by  (2.13),  stability  of  tha  pair  s(t),  w(t). 
Now  tha  stability  of  tha  pair  x(t),  w(t)  follows  froai  (2. 12). a 


Clearly,  tha  hypothesis  (H2)  is  not  very  useful  in  the  present  form  since  it  ia  rather 
difficult  to  check  in  concrete  examples.  Following  the  ideas  of  SCHUMACHER  [16],  we 
transform  (H2)  into  an  easily  verifiable  criterion.  The  basic  idea  ia  to  approximate  G 


by  generalised  eigenvectors  of  Ay  and  to  show  that,  if  A  has  a  complete  set  of 
generalised  eigenvectors  and  is  stabilisable  through  B,  then  there  exists  a  stabilising 
feedback  operator  F  which  does  not  destroy  the  completeness  property  of  A. 

Mora  precisely,  we  need  the  following  assumptions  on  A. 


AM 


(H3)  The  resolvent  operator  of  A  ia  compact  and  the  set  A  -  {1  e  Bo  (A)  |  Rel  >  -  m) 


is  finite  for  seme  u  >  0 


If  (H3)  is  satisifed,  then  we  stay  introduce  the  projection  operator 


A  2*1 


fr  /  (ui  -  A>”^dii 


where  T  is  a  simple  rectifiable  curve  surrounding  A  but  no  other  eigenvalue  of  A. 

Clearly,  P,  is  a  projection  operator  on  both  X  and  Z.  Correspondingly  we  obtain  the 
A 


decomposition 


X  -  •  X  ,  z  -  xA  •  z  , 


,0  b*  «s  *  b>  O  .  *  *  <  _  «  \  .  %  A  .  . 


v- •r-  * 


where  «  range  P^,  ZA  »  leer  P^,  XA  »  ZA  n  X  are  invariant  eubspaces  under  S(t).  If 

N. 

«  dim  X^,  we  nay  identify  X^  with  r  and  obtain  two  maps 

HK  \ 

lA  5  R  *  XA'  *A  !  Z  *  R 


with  the  properties 

(2.14)  »Al^  -  id,  i A*A  -  PA  . 

Then  the  projection  xA(t)  “  *Ax(t)  of  a  solution  to  (2.1)  satisfies  the  finite 
dimensional  ODE 

*A(t)  *  VA(t>  *  V(t)'  XA,0>  *  Vo 

l Ze ID) 

*A(t)  "  CAxA(t> 

where 

(2.16)  AA  “  W  ®A  “  WAB'  CA  "  ClA  ' 

Now  we  can  replace  (H2)  by  the  following  stronger  conditions  which  can  in  many  cases 
be  easily  verified.  The  result  has  been  proved  by  SCHUMACHER  [16]  for  the  case  that 
range  B  C  X  (bounded  input  operator ) . 


PROPOSITION  2.6 

Let  the  operator  A  satisfy  (H3),  assume  that  the  exponential  estimate 


(2.17) 


IS( t)  |  .1  .  <  Me”Ut,  t  >  0  , 

XA  l(XA) 
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b 


holds  for  some  M  >  1  and  that  the  reduced  finite  dimensional  system  (2.15)  is 


controllable  and  observable.  Furthermore,  assume  that  the  generalized  eigenvectors  of 


A  are  complete  in  X.  Then  (H2)  is  satisfied. 


PROOF  Since  (2.15)  is  controllable,  there  exists  a  matrix  F  e  R  such  that  the 

A 

matrix  A^  +  B^F^  is  stable.  Furthermore,  the  estimate  (2.17)  implies  that 


IS(t)  |  .1  .  <  Me  ,  t  >  0  , 

Z  L(Z  ) 


(Remark  2. 1(iii)).  It  is  a  well  known  result  in  infinite  dimensional  systems  theory  (see 

e.g.  [5]  or  (16])  that  under  these  assumptions  the  closed  loop  semigroup  Sp(t)  e  L(Z), 

t 

generated  by  A  +  BF  :  X  ♦  2  with  F  »  :  Z  -*■  R  is  exponentially  stable.  By  theorem 

2.3,  Sp(t)  restricts  to  a  strongly  continuous  semigroup  on  X  and  the  operator 
pi  -  A  -  BF  :  X  ♦  Z  provides  a  similarity  action  between  both  semigroups  (Remark 
2. 1(11) ) .  Hence  the  restricted  semigroup  SF(t)  6  L(X)  is  Btill  exponentially  stable 
(Remark  2.1(111)). 

By  assumption,  the  generalised  eigenvectors  of  A  are  complete  in  X  and  hence  they 

are  complete  in  Z  (Remark  2.1(iv)).  Since  F  is  of  finite  rank,  this  implies  that  the 

generalized  eigenvectors  of  A  +  BF  j  X  ♦  Z  are  complete  in  Z  (SCHUMACHER  (16J).  It 

follows  again  from  the  above  similarity  argument,  that  this  completeness  property  carries 

over  to  the  restricted  operator  Ay  i  PlAp)  +  x  introduced  in  Theorem  2.3  (i). 

N^xm 

Now  choose  G.  e  R  such  that  A  +  G  C  is  stable  and  define 

*1  AAA 

m 

G  •  *AGA  :  R  +  X  .  Then  it  is  again  a  well  known  fact  from  infinite  dimensional  linear 
systems  theory  that  A  +  GC  s  D( A)  ♦  X  generates  an  exponentially  stable  semigroup  on 
X  (see  [5]  or  (16]).  It  is  also  well  known  that  A  +  GC  still  generates  an  exponentially 


stable  semigroup  on  X  whenever  IG  -  Gl 


!■(  r“,X) 


is  sufficiently  small.  Now  we  make  use 


of  the  fact  that  the  generalized  eigenvectors  of  Ay,  are  complete  in  X.  This  implies 

m  A  m 

that  G  :  R  ♦  X  can  be  approximated  arbitrarily  close  by  an  operator  G  :  R  ♦  X  whose 


V.  «  .  •  .  ■  .  ■ 


range  ia  spanned  by  finitely  many  generalized  eigenvectors  of  Ap.  He  choose  G  in  such 

a  way  that  A  +  GC  generates  a  stable  semigroup  and  denote  by  W  the  finite  diaenaional 

subspace  of  X  which  is  invariant  under  Ap  and  generated  by  those  generalized 

eigenvectors  which  span  the  range  of  G.  Since  w  is  a  finite  dimensional  subspace 

contained  in  V( Ap)  and  invariant  under  Ap,  the  restriction  of  Ap  to  W  is  a 

bounded,  linear  operator  generating  a  semigroup  Sw( t )  on  H.  Since  d/dt  Sw(t)x  • 

ApSw(t)x,  the  semigroup  S^(t)  coincides  with  Sy(t)  on  W.  Hence  W  is  also 

t 

invariant  under  the  semigroup  Sp(t).  We  conclude  that  the  operators  F  :  Z  ♦  R  and 
G  i  R*  ♦  X  satisfy  hypothesis  (H2).s 


Combining  Proposition  2.6  with  Theorem  2.5,  we  obtain  a  constructive  procedure  for 
designing  a  finite  dimensional  compensator  for  the  Cauchy  problem  (2.1).  The  construction 
is  based  on  the  knowledge  of  the  finite  dimensional  reduced  system  (2.15)  and  on  the 
knowledge  of  sufficiently  many  eigenvalues  and  eigenvectors  of  the  operator  Ap.  For  the 
case  of  bounded  input  operators  (range  B  C  X)  the  procedure  has  been  described  in  detail 
by  SCHUMACHER  [16].  Precisely  the  same  algorithm  applies  to  the  case  where  range  Bf  X. 

3.  RETARDED  SYSTEMS 

In  this  section  we  apply  the  abstract  result  of  the  previous  section  to  retarded 
functional  differential  equations  (RFDE)  with  delays  either  in  the  input  or  in  the  output 
variable.  If  delays  occur  in  the  input  and  output  variables  at  the  same  time,  the  RFDE 
can  still  be  reformulated  as  an  abstract  Cauchy  problem  (see  e.g.  PRITCHARD-SALAMON  [12]) 
however,  the  completeness  assumption  will  no  longer  be  satisfied. 

3.1  RETARDED  gYSTEMS  WITH  OUTPUT  DELAYS 
We  consider  the  linear  RFDE 
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(3.1) 


x(t)  -  I*t  +  B0u(t) 
y(t)  -  Cx 


l 

where  x(t)  a  »*,  u(t)  «  *  ,  y(t)  e  r  and  x^  is  defined  by  xt<T)  -  x(t+t)  for 
-h  <  T  <  0  ,  h  >  0  .  Correspondingly  h,  is  a  real  n  x  i  -  matrix  and  L  and  C  are 
bounded  linear  functionals  on  C“  CC~h#0  irf1)  with  values  in  tP  and  tf*, 
respectively.  These  can  be  written  in  the  fore 


0  0 

14  -  J  dn<T)#(t)  ,  c*  -  J  dt(i)*(T)  ,  ♦  e  C. 

— h  -h 


where  n(T)  and  t(T)  are  normalized  functions  of  bounded  variation,  i.e.  they  vanish 
for  t  >  0  ,  are  constant  for  t  <  -h  and  left  continuous  for  -h  <  t  <  0  . 

It  is  well  know  that  equation  (3.1)  admits  a  unique  solution 
x(*)  e  lE  [-h,*»*n]  n  for  every  input  u(*)  e  and  every 

IOC  XOC  IOC 

initial  condition  of  the  form 


x(0)  -  ,  x(T)  -  *\t)  ,  -h  <  t  <  0 


0  1  n  1  p  n  j> 

where  ♦”(♦,♦)■  R  *  L  [-h,0i>  ]  -  tr  .  Moreover,  in  these  spaces  the  solution 
*(•)  of  (3.1)  and  (3.2)  depends  continuously  on  4  and  u( • )  .  This  has  motivated  the 
definition  of  the  state  of  system  (3.1)  at  time  t  >  0  to  be  the  pair 


x(t)  -  (x(t),xt)  6  . 


The  evolution  of  x(t)  can  be  described  by  the  variation -of -constants  formula 


x(t)  -  S(t)4  +  )  S(t-s)Bu(s)ds  ,  t  >  0 
0 


where  B  €  HIl" ,tP )  maps  u  e  JJ*  into  the  pair  Bu  -  (Bou,0)  and  S(t)  e  L(MP)  is  the 
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strongly  continuous  semigroup  generated  by 


hold*  for  some  e  >  0 


then  the  generalised  eigenfunctions  of  A  are  complete  in  Mp 


and  in  if  an  only  if 

(3.7)  det  A,  *  0 

(see  MANITIUS  [9],  SALAMCN  (14,  chapter  3]). 

(ii)  It  is  well  known  that  the  operator  A  satisifes  (H3). 

(ill)  The  exponential  growth  of  the  semigroup  S(t)  on  the  complementary  subspace 
corresponding  to  A  «  (X  e  o(A)|ReX  >  0 }  is  determined  by 
sup{lteX|X  e  0(A),  ReX  <  o}  <  0  . 

(lv)  Let  (2.15)  denote  the  reduced  finite  dimensional  system  obtained  by  spectral 
projection  of  the  solutions  of  (3.5)  on  the  generalised  eigenspace  .  Then  (2.15)  is 
controllable  iff 

(3.8)  rank[Xl-t(eX‘),B0l  -  n  VX  e  A 
(PAN DOLT 1  [10])  and  observable  iff 

mi 

Xl-L(eX‘) 

(3.9)  rank  ■  n  vX  e  A 

c(.x,) 

(BHAT-KOIVO  (1|,  SALAMON  [13],  [14]). 

Combining  these  facts  with  Proposition  2.6  and  Theorem  2.5,  we  obtain  the  following 
existence  result  for  a  finite  dimensional  compensator  for  system  (3.1). 

THBORW  3.2 

If  (3.6-9)  are  satisfied,  then  there  exists  a  finite  dimensional  compensator  of  the 


form  (2.9)  such  that  the  closed  loop  system  (3.1),  (2.9)  is  exponentially  stable. 
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3.2  RETARDED  SYSTMES  WITH  INPUT  DELAYS 


where  tha  pair  f  -  (f,  f  )  e  M 


given  by 


(3.13) 


t\a) 


a  a 

J  dn(T)*  (T-O)  ♦  }  dfl(T)£(T-0> 


-h  <  o  <  0  , 


-h  -h 

la  ragardad  aa  tha  initial  atata  of  system  (3.12).  Tha  corresponding  state  at  tine 
t  >  0  Is  givan  by 


x(t)  -  (x(t),xfc)  e  KP  , 

(3.14) 

v  a  a 

Xt(0)  -  /  dn(T)x(t+T-0)  +  /  df!  (T  )u(t+T-d)  +  fVd-t)  . 

o-t  <T-t 


It  has  bean  shown  in  [6],  [14],  [16]  that  the  evolution  of  this  state  can  be  described  by 
the  variation-of-constanta  forsrula 


*  •  £  *  * 

(3.15)  x(t>  -  ST  (t)f  +  /  ST  (t-s)BT  u(s)ds,  t  >  0  . 

0 

Bara  ST  (t)  «  L(MP)  ia  tha  adjoint  semigroup  of  ST(t)  6  L(Mq)  ,  1/p  ♦  1/q  “  1  ,  which 

•  T 

corresponds  to  tha  transposed  aquation  x(t)  “  L  xfc  in  the  sense  of  section  3.1.  Since 

8  (t)  restricts  to  a  semigroup  on  tha  danse  subepaca  w  C  ,  tha  adjoint 

semigroup  sT  (t)  extends  to  the  dual  space  w”1,p  «  (M1'*1)*  which  contains  as  a 

* 

danse  subspaca  in  a  natural  way.  Tha  input  operator  BT  e  L(B  ,W  1,p)  is  the  adjoint 
operator  of  BT  e  l(W1,q,  R*>  given  by 


bt*  -  /  de(T)*\T>  e  r*  ,  *  e  w1,q  c  Mq  . 

-h 

•  *  * 

Since  tha  infinitesimal  generator  hT  of  ST  (t)  and  the  input  operator  BT  satisfy 

tha  hypothesis  (HI)  of  section  2  with  X  -  nP  and  Z  -  w"1,p  (see  SALAMOH  [14]),  the  state 

A 

x(t)  0  MP  of  system  (3.12),  given  by  (3.14),  defines  the  unique  solution  of  the  abstract 


Cauchy  problem 


d/dt  x(t) 


T 

A  x(t) 


+  b  u(t),  x(0)  -  fen*' 


(3.16) 


y(t)  -  Cx(t)  , 


_  n 

In  the  sense  of  Remark  2.2(11).  Of  course,  the  output  operator  C  :  ♦  R  Is  now  given 

by 


On  p 

cf  -  cQf  e  r  ,  f  e  ir  . 

In  order  to  make  the  results  of  this  section  more  precise,  we  briefly  outline  the 

1  #p 

construction  of  the  reduced  system  (2.15).  For  this  purpose  let  C  w  and 

X*  C  *1,q  denote  the  generalised  eigenspaces  of  A  and  AT,  respectively, 

corresponding  to  A  -  {X  e  o(A)|ReX  >  0}  .  Since  A  is  a  symmetric  set,  we  can  choose 

real  bases  (♦1 . >  of  XA  and  {*f,...,tN  }  of  X*  such  that  the  matrices 

A  A 

nXHA 

♦  1  «  W1,p[-b,°i*  ft] 

A  nxM 

T  -  1  e  w1,q[-h,0»R  A] 


satisfy 


0  0 

TT(0)6(0)  ♦  /  /  V(0)dn(T)6(T-0)dC  -  I  e  R 

-h  t 


Vha 


M.  R. 

Then  i  R  ♦  M1*  and  *A  :  a*  ♦  R  may  be  defined  by 


(iAxA)°  -  #(0)xA  ,  [iAxA]1(o)  -  /  dn(T)*(T-o)xA  ,  -h  <  c  <  0  , 


'A  *  1  A  A 


-h 
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wAf  -  tT(0)f°  +  I  fT(o)f  \a)do 
—h 

NA  d  VNA  NAxt  mxM. 

for  8  R  and  f  e  Mp  ,  and  the  matrices  Aa  e  R  n  ,  e  R  A  ,  e  * 

are  given  by 

0  T 

*(♦«>)♦)  -  (♦<<)), 4)aa  ,  Ba  -  /  7  (T)dB(T)  ,  CA  -  Co*<0> 


(see  SAUMCM  (14,  section  2.4]). 

KHARIS  3.3 

* 

(i)  If  (3.6)  is  satisfied  for  sosie  e  >  0  ,  then  the  eigenfunctions  of  AT  are 
caaqplete  in  MP  and  in  W~1,p  if  and  only  if  (3.7)  holds  (see  MANITIUS  [9],  SALAMON  [14 
chapter  3]  ) • 

(ii)  If  Aa,VCa  are  defined  as  above,  then  systesi  (2.15)  is  controllable  iff 

(3.17)  rank[Xl  -  L(e*’),B(eX’)]  -  n  V  X  e  A 
and  observable  iff 

(3.18) 

(see  8AUM0H  [14] ) 


Theorem  3.4 


If  (3.6-7)  and  (3.17-18)  are  satisfied,  then  there  exists  a  finite  dimensional 


nsator  of  the  form  (2.9),  such  that  the  closed  loop  system  (3.10),  (2.9)  is 


exponentially  stable. 


Remark  3.1(1)  and  Remark  3.3(1)  show  that  the  completeness  property  of  A  and  A 
can  be  destroyed  by  arbitrarily  small  perturbations  in  the  delays  ( compare  MANITIUS 
[9]).  However  such  perturbations  would  not  affect  the  stability  of  the  closed  loop  system 
(3.1),  (2.9)  respectively  (3.10),  (2.9).  nils  indicates  that  the  completeness  assumption 
is  somewhat  artifical  for  the  purpose  of  stabilization  by  a  finite  dimensional 
compensator.  In  the  next  section  we  will  show  that  the  completeness  condition  can  in  fact 
be  weakenend  in  the  case  of  systems  with  state  delays  only. 


3.3  A  SPECIAL  CASE 

In  this  section  we  consider  the  special  case  of  the  RFDE 


(3.19) 


x(t )  *>  AgX(t)  +  A^Ct-h)  +  BgU( t )  , 


y(t)  -  CQx(t), 


with  a  single  point  delay  in  the  sate  variables  and  no  delays  in  control  and 
observation.  Following  the  ideas  presented  in  the  previous  section  we  define  the  state  of 
system  (3.19)  to  be  the  pair 


«<t)  -  (xm.x*)  e  mp  , 


(3.20) 


x  (a)  -  A1x(t-h-o),  -h  <  o  <  0 


This  time  the  range  of  the  input  operator  BT  m  B  is  contained  in  Mp  ,  since 
B^  «  B^No)  ■  for  ♦  6  wW  .  Therefore  x(t)  satisfies  the  Cauchy 


*. 


problem 


(3.21) 


d/dt  *(t)  -  A*  x(t)  +  Bu(t), 


y(t)  -  cx<t> 


He  will  regard  this  as  an  equation  in  the  closed  subspace 


X  -  (f  e  M^fV)  e  range  A  ,  -h  <  t  <  0> 


of  mP.  Of  course,  this  means  that  A7  has  to  be  restricted  to  the  domain 


D_(at  >  -  V  (A T  >  n  x  . 
x  rP 


WMAHB  3.5 

(i)  Zt  has  been  shown  by  MANITIUS  [9]  that  the  eigenvectors  of  AT  are  complete  in  X 


if  and  only  if 


(3.22) 


[r 


+  rank  A. 


for  soaw  X  6  $  .  This  condition  is  obviously  weaker  than  (3.7). 

(ii)  Clearly,  the  reduced  finite  dimensional  system  (2.15)  remains  the  same  when  the 
Cauchy  problem  (3.21)  is  restricted  to  the  closed  subspace  X  C  mp  .  Therefore  system 
(2.15)  is  controllable  and  observable  if  and  only  if 


rank[Xl  -  AQ  -  e'^A^Bj 


(3.23) 


.  XI  -  a.  -  e"XhA, 
rank  0  1  -  n 

l  co 


v  x  e  A 


8 


■  *1  ' 


**  •'**•!*  * ' 


•  *  *  *  mV  e  •  .  *' 


where  A  «  {X  e  $|det(Xl  -  A  -  e  A^  «  0  ,  ReX  >  0} 

(ill)  It  is  easy  to  see  that  the  stability  of  the  abstract  closed  loop  system  (3.21), 

(2.9)  in  the  state  space  X  *  R  implies  the  stability  of  the  closed  loop  delay  equation 
(3.19),  (2.9). 

Again  combining  these  facts  with  the  results  of  section  2,  we  obtain  the  following 

existence  result  for  a  finite  dimensional  compensator.  For  system  (3.19)  this  is  a 

stronger  result  than  one  would  obtain  by  applying  the  theory  of  [16]. 

THEOREM  3.6 

If  (3.22)  and  (3.23)  are  satisfied  then  there  exists  a  finite  dimensional  compensator 
of  the  form  (2.9)  such  that  the  closed  loop  system  (3.19),  (3.20)  is  exponentially  stable. 


RP1ARK  3.7 

This  result  suggests  that  it  should  be  possible  to  waken  the  coeipleteness  assumption 
for  the  general  RFDE  which  would  be  an  Important  improvement.  Another  extension  would  be 
an  existence  result  for  RFDEs  with  delays  in  simultaneously  the  control  and  the 
observation.  However,  it  is  not  obvious  how  this  can  be  achieved  with  the  present 
approach,  the  main  difficulty  being  the  completeness  property. 


REMARK  3.8 

Although  the  main  results  of  this  section.  Theorems  3.2,  3.4  and  3.6  are  stated  as 
existence  results,  we  emphasize  that  the  stabilizing  compensator  can  in  fact  be 
constructed  using  exactly  the  same  procedure  as  it  is  explained  in  detail  in  [16]  for 
RFDEs  without  delays  in  the  external  variables.  The  construction,  as  outlined  in  the 
proof  of  Proposition  2.6,  involves  calculating  finitely  many  eigenvalues  and  eigenvectors 
of  A  and  hence  the  projected  system  as  it  is  described  in  section  3.2.  Then 


the  matrices  F,  and  G,  can  be  calculated  by  standard  finite  dimensional  procedures. 


The  most  difficult  part  of  the  design  lies  in  finding  eigenvectors  of  A  +  BF  to  generate 
the  subspace  W  .  The  approximation  of  G  ■  i.G.  by  an  operator  G  with  range  in  U 
then  reduces  to  a  finite  dimensional  linear  optimization  procedure.  This  procedure  has  to 
be  repeated  -  while  increasing  W  -  until  G  is  close  enough  to  G  .  The  numerical 
example  for  a  retarded  system  examined  in  [16]  gives  insight  into  the  details  of  the 
design  procedure. 


4.  BOUNDARY  CONTROL  SYSTEMS 

The  purpose  of  this  section  is  to  show  how  abstract  boundary  control  systems  in 
Hilbert  spaces  fit  into  the  framework  of  section  2.  When  these  results  are  applied  to 
obtain  finite  dimensional  compensators  for  particular  classes  of  partial  differential 
equations  (PDE) ,  there  is  a  considerable  overlap  with  results  of  CURTAIN  in  [2],  [3], 

[4] .  Bis  relation  between  both  approaches  will  be  discussed  in  detail  at  the  end  of  this 
section . 

Let  H,X,U,Y  be  Hilbert  spaces  and  suppose  that 


with  a  continuous/  dense  injection.  Furthermore,  let  A  8  L(w,X),  r  e  L(W,U),  C  6  L(X, Y) 
be  given.  Then  we  consider  the  boundary  control  system 


d/dt  x(t)  -  Ax(t>,  x(0)  -  xQ  8  W 
Tx(t)  -  u(t),  t  >  0  , 


with  the  output 


y(t)  -  Cx(t)  ,  t  >  0 


/* -■  .*  .  'j  -  . ■- 


0  *«>  “ 


•  .  *  m  *  ,  -  . 


,  •  e  -  e  “ 


.  *r.  . 

\\V\  J 


,  '  .  •  „  •  ■  *  ,  •  ■  *  i  ’  .  "»  •  4  "  .  *  -  *  **  w  *  «  »  -  •*  »  -  e  -  • 


DEFINITION  4. 1  (strong  solution,  wellposedness) 

d>  uC)  e  C[0,T;V)  and  xQ  e  W  satisfy  rxQ  -  u(0)  •  Then  a  function 

x(*)  e  C[0,TjW]  Is  said  to  be  a  (strong)  solution  of  (4.1)  x(*)  e  C^O.TiX]  and  If 

(4.1)  Is  satisfied  for  every  t  e  [0,T]. 

(ID  The  boundary  control  system  (4.1)  Is  said  to  be  well  posed  If  the  subspace 
{x  e  w|Tx  «  0}  Is  dense  In  X  ,  and  if  for  all  x0  @  W  and  u(*)  e  W1,2tO,T»U]  with 
rx0  -  u(0)  there  exists  a  unique  solution  x(*)  e  C[0,tjW)  n  ^[O.TjX]  of_  (4.1) 
depending  contlnously  on  xQ  and  u( • )  .  This  means  that  there  exists  a  constant 
K  >  0  such  that  the  Inequality 

T 

sup  lx(t)«  +  sup  lx(t)l  <  K{lx  I  +  [J  lu(t)lfTdt]^2 } 

0<t<T  0<t<T  u  w  0 

holds  for  every  solution  x(t)  of_  (4.1). 


REMARKS  4.2 

Let  system  (4.1)  be  well  posed. 

(I)  Taking  u(t)  2  0  ,  it  follows  from  a  classical  result  in  semigroup  theory  (PHILLIPS 

[II] )  that  the  operator 

(4.3)  Ax  -  Ax  ,  P(A)  -  {x  e  w|Tx  «  0) 

is  the  infinitesimal  generator  of  a  strongly  continous  semigroup  S(t)  on  X  and  that, 
for  every  xQ  e  P(A)  ,  the  function  x(t)  -  S(t)x0  is  the  solution  of  (4.1)  with 
u(t)  =  0  . 

(11)  As  in  section  2  we  introduce  the  dense  subspace  Z*  ■  V  *(A*)  C  x*  .  Then 

X 

X  c  z 
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with  a  continuous,  danse  injection,  A  extends  to  a  bounded  operator  from  X  to  Z 
and  S(t)  to  a  strongly  continuous  semigroup  on  Z  . 

(iii)  It  follows  froai  [14,  Lemma  1.3. 2(1)]  that 

{x  e  w|Tx  -  o}  -  P_(A)  -  {x  e  x  -  p  (a) | Ax  e  x) 

A  Z 

or  in  other  words,  if  x  e  X  and  Ax  e  X  ,  then  x  e  N  and  Tx  •  0  .  Furthermore,  the 
K-non  on  is  equivalent  to  the  graph  norm  of  A  \[14,  Remark  1.  3. 1(iii)]  ).  This 

means  that  there  exists  a  constant  >  0  such  that  the  Inequality 

•*'*  <  *,(“•*  *  ,x*'x] 
holds  for  all  x  e  W  with  Tx  -  0  . 

(iv)  T  is  onto.  Hence  there  exists  a  constant  Kg  >  0  such  that  for  every  u  0  0 
there  exists  a  w  e  H 

(4.4)  Tw  -  u  ,  lwlw  <  K0lul0  . 

Let  us  now  construct  the  input  operator  B  0  L(U,Z). 

1.  Given  u  0  D  we  may  choose  w  0  W  such  that  Tw  •  u  since  T  Is  onto  (Remark 
4.2(iv) ).  For  this  w  0  H  we  define  Bu  i-  Aw  -  Aw  0  Z  .  This  expression  is  well 
defined  since  Tw  •  0  if  and  only  if  Aw  -  Aw  (Remark  4.2(ili>).  Hence  the  map 

B  i  U  ♦  Z  satisfies,  by  definition,  the  equation 

(4.5)  Brx  -  Ax  -  Ax  ,  x  0  N  . 

2.  It  is  easy  to  see  that  B  is  a  linear  map. 

3.  Let  u  6  D  be  given  and  choose  w  0  W  such  that  (4.4)  holds.  Then 


iBul 

Z 


<  IA  -  Al 

<  VA  - 


L(w,z)  ,w'w 
Al  L(w,z) ,ttl 


0 


>nd  therefore  B  i  0  ♦  Z  is  bounded. 


IJMHA  4.3 

Let  the  operators  A  and  B  be_defined_b£  (4.3)  and  (4.5),  respectively . 
furthermore,  let  x  8  X  and  u  e  0  aatiafy  Ax  +  Bu  e  X  .  Then 

x6M,  rx  -  u  ,  Ax  -  Ax  +  Bu  . 

furthermore  there  exlata  a  constant  K  >  0  auch  that 

lxlw  <  *[lxlx  +  lul0  ♦  lAx  +  Bulx] 
for  all  x  e  x,  u  e  o  with  Ax  ♦  bu  e  x  . 

PROOF  Let  x  8  x  and  u  e  0  aatiafy  Ax  +  Bu  8  X  and  choose  w  e  w  such  that  (4.4) 
holds.  Then 


A(x-v)  -  Ax  ♦  Bu  -  (A+BT)*  -  Ax  +  Bu  -  4*  e  X  . 


By  Remark  4.2(111),  this  implies  that  x  e  W  and 


V.vv 


V 

Ml 


fi 


<  [l  +  *1,id,|.<w,jt)  *  K1IAIL(W,X)  ^,w,w 


+  It^xlj  +  K^lAx  +  Bulx 


<  K  [luly  ♦  lxlx  +  IXx  +  Bulj 


Finally,  we  obtain  again  f roe  Remark  4.2(iii)  that  Tx  -  Tw  •  u  and  from  (4.5)  that 


Ax  -  Ax  +  Bfx  -  Ax  +  Bu  .a 


The  above  operators  A  and  B  allow  us  to  reformulate  the  boundary  control  system 


(4.1)  as  a  Cauchy  problem  of  the  type  (2.1).  More  precisely,  we  introduce  the  following 


concept  of  a  weak  solution  for  (4.1). 


PKFIHITIOH  4.4  (weak  solution) 


Let  the  operators  A  e  L(X,Z)  and  B  e  L(U,Z)  be  defined  as  above.  Moreover,  let 


x0  e  x  and  u (•)  e  t  [0,T/U]  be  given,  tften  x(*)  e  CI0,T>X]  n  w  '‘[o,T;Z]  is  said  to 


be  a  weak  solution  of  (4.1)  if 


d/dt  x(t )  -  Ax( t )  But t )  ,  0  <  t  <  T  , 


x(0)  -  x. 


is  satisfied  in  Z  ( almost  everywhere ) . 


It  follows  fro*  the  definition  of  the  operator  B  (Remark  4.2(iv))  that  every  strong 


solution  x(’)  B  C[0,T»W] n  C  [0,T;X]  of  (4.1)  is  a  weak  solution  in  the  sense  of 


Definition  4.4.  Moreover  we  have  the  following  result. 


V 


.*  .*  V  -*  V  V  V*  V  V  "aV  V*  V  ’ . 


PROPOSITION  4. 5 


Suppose  that  the  operator  A  defined  by  (4.3)  la  the  Infinitesimal  generator  of  a 
strongly  contlnuoua  seal group  S(t)  on  X  and  that  T  e  L(V,U)  la  onto.  Furthermore 
let  B  e  1(0, Z)  be  defined  by  (4.5).  Then  the  following  statements  are  equivalent. 

(I)  Systaw  (4.1)  la  well  posed. 

(II)  Hie  operatora  A  and  B  aatlafy  hypothesis  (HI)  of  section  2  with  p  «  2. 

2 

(III)  For  every  x0  e  X  and  every  u(*>  e  L  [0,T»U]  there  exists  a  unique  weak 

1  2 

solution  x(«)  e  C[0,T»X]  n  w  '  [0,TrZ]  of  (4.1)  depending  continuously  on  x0 
and  u(*)  . 

Moreover,  the  weak  (and  In  particular  the  strong)  solutions  of  (4.1)  are  given  by 

t 

(4.7)  x(t)  -  S(t)x  ♦  /  S(t-a)Bu(a)ds  6  X  ,  0  <  t  <  T  . 

”  A 


PROOF  It  la  a  well  known  aeialgroup  theoretic  result  that  the  solutions  of  (4.6),  and 
therefore  the  weak  solutions  of  (4.1),  are  given  by  (4.7).  Furthermore,  It  follows  from 
Remark  2.2(11)  that  (11)  Is  equivalent  to  (ill). 

In  order  to  prove  that  (11)  Implies  (1),  suppose  that  (HI)  is  satisfied  and  let 
x(t)  be  given  by  (4.7)  with  xQ  8  W  and  u(*)  e  C1  [0,T»U]  satisfying  rxfl  -  u(0)  . 
Then  it  is  a  well  known  result  from  semigroup  theory  that  x{»)  e  C[0,T;X]  n  C^IO.TjZ] 
satisfies 


x(t)  ■  Ax(t)  Bu(t) 


S(  t)  [Ax.  +  But 0  ) ]  ♦  J  S(  t-s)Bu(  8)ds 


8(t)Ax  ♦  /  S( t-s)Bu( s)ds  , 


0  <  t  <  T 


By  (HI)  and  Murk  2.1(11),  this  iapliaa  that  x{*)  e  C[0,T»X}  and 


•up  lx(t)l  < 
0<t<T 


aup  BS<t) I . .  . IAI .  Ix.1  +  b  lu( .)!  , 

0<t<T  L(X)  UW'X)  0W  ^  L2t0,T,O] 


Applying  law  4.3  to  tha  tat*  Ax(t)  +  Bu(t)  -  x(t>  e  X  ,  we  obtain  that 
x(»)  e  C [0,Ti*l  O  C (0,T»XJ  aatiaflaa  (4.1).  Since  every  strong  aolution  of  (4.1)  la 
given  by  (4.7),  x(t)  la  in  fact  the  unique  aolution.  Furthermore,  we  obtain  froa  Lew 
4.3  that 


lx(t)lM  <  x[lx(t)lx  +  lu(t)l0  +  li(t)lx]  . 


Since 


aup  lx(t)l  < 
0<t<T 


aup  ls(t)l 
0<t<t 


L(X) 


lid,L(w,x)llxo,w 


♦b  U(*)l 

LZ(0,*|O] 

and 


aup  lu(t)l 
0<t<T  ° 


<  in 


LCW.D)1**)'* 


+ 


/riu(*)l 

tZ[0,T»O] 


for  «(•)  C  c'lO.TiOl  with  u(0)  -  Tx0  ,  thla  shown  that  system  (4.1)  is  well  posed. 

Conversely,  suppose  that  syataa  (4.1)  is  wellpoeed  in  the  sense  of  Definition  4.1, 
let  v<*>  6  c'lO.THJ]  and  define 


x(t)  •  /  S(t -s)b/  v(T)drda 
0  0 


t 

U(t)  •  /  V(T)dT  , 


0 


0  <  t  <  T  . 


Then  x(*>  e  c\o,T»Z] 


and 


Ax(t)  ♦  Bu(t)  ■  x(t)  -  /  S(t-a)Bv(s)da  ,  0  <  t  <  T  . 

0 


T 

Ij  S(T-S)BV(s)ds«  -  I x(T) I  <  KIV(.)I  , 

0  XX  j/tO,T»U] 

This  shows  that  the  operators  A  and  B  satisfy  the  hypothesis  (Hl).s 

Having  established  hypothesis  (HI)  we  are  now  in  a  position  to  apply  the  perturbation 
result  of  section  2  (theorem  2.2)  to  the  boundary  control  system  (4.1). 


•oup  on  Z  whole  infinitesimal  generator  is  given  by  the  extended  operator 


semlcrr 
A  +  BF  I  X  ♦  Z  . 

PROOF  By  Propoeition  4.5,  the  operator!  A  and  B  defined  by  (4.3)  and  (4.5), 
respectively,  satisfy  hypothesis  (HI)  of  section  2.  Hence  it  follows  from  Theorem  2.3(1) 
that  the  operator 


AyX  «  Ax  +  BFx  ,  0(Ap)  -  {x  e  x|Ax  +  BFx  e  x} 


$ 

V.N 


generates  a  strongly  continuous  semigroup  on  X  (note  that  the  proof  of  this  result  in 
[14,  Theorem  1.3.7]  does  not  require  U  to  be  finite  dimensional).  Lensna  4.3  shows  that 
this  operator  Ap  coincides  with  the  one  defined  by  (4.8).  This  proves  statement  (i). 

In  order  to  prove  statement  (ii),  let  xQ  e  P(Ap)  be  given  and  define  u(t)  » 
FSp(t)x0  ,  t  >  0  .  Then  u(t)  is  continuously  differentiable  for  t  >  0  and 
satisfies  u(0)  *  FxQ  »  Txp  .  Hence  (4.1)  admits  a  unique  strong  solution 
x ( t ) i  t  >  0  ,  which  by  definition  of  the  operators  A  and  B  also  satisfies  (4.6)  and 
is  therefore  given  by  (4.7).  This  implies 

t 

x (t )  -  S(t)x_  +  J  S(t  -  s)BFS  (s )x  ds  -  S  ( t ) x  , 

0  g  t  U  r  0 

by  definition  of  the  semigroup  Sp(t)  . 

Statement  (iii)  is  an  immediate  consequence  of  Theorem  2.3(iii).s 


So  far  we  have  shown  that  the  general 
boundary  control  systems.  In  particular. 


theory  of  section  2  also  covers  abstract 
we  have  reformulated  the  boundary  control  system 
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(4.1)  in  the  semigroup  theoretic  framework  with  an  unbounded  input  operator.  A  very 


similar  approach  has  been  developed  by  HO  and  RUSSELL  in  [8]  under  only  slightly  more 
restrictive  assumptions.  However,  (8]  does  not  contain  any  feedback  results  and  also  the 
above  Proposition  4.5  seems  to  he  new.  Furthermore  we  point  out  that  earlier  results  in 
this  direction  for  special  classes  of  systems  can  be  found  e.g.  in  CURTAIN- PRITCHARD 
(5).  Another  general  approach  has  been  presented  by  FATTORINI  [7].  In  (7]  the  input 
operator  is  bounded,  however,  there  are  derivatives  in  the  input  function  which  do  not 
appear  in  our  approach. 

In  12]  and  (3]  CURTAIN  has  used  FATTORINI'S  results  for  the  conetructln  of  finite 
dimensional  compensators  which  leads  to  integral  terms  in  the  loop.  These  integral  terms 
will  disappear  if  we  apply  the  approach  of  this  section  to  obtain  existence  results  for 
finite  dimensional  compensators.  More  precisely,  we  have  to  assume  that  the  operators  A 
B  and  C  ,  introduced  in  this  section,  satisfy  hypothesis  (H2)  of  section  2,  or 
respectively,  hypothesis  (H3)  and  the  assumptions  of  Proposition  2.6.  Under  these 
conditions  it  follows  readily  from  Theorem  2.5  that  there  exists  a  finite  dimensional 
compensator  of  the  form  (2.9)  such  that  the  closed  loop  system  (4.1),  (4.2),  (2.9)  is 
exponentially  stable. 

Starting  from  equations  (4.1),  (4.2),  the  following  problems  have  to  be  solved  for 
the  construction  of  the  compensator. 

1.  Find  the  operators  A  and  B  . 

2.  Determine  the  spectrum  of  the  operator  A  and  the  reduced  subsystem  (2.15). 

3.  Find  the  stabilizing  operators  F  t  X  ♦  U  and  G  j  Y  ♦  X  . 

4.  Determine  the  eigenvalues  and  eigenvectors  of  Ay  to  approximate  G  . 

To  illustrate  this  procedure,  we  consider  the  heat  equation  with  Neumann  boundary 
conditions  and  boundary  control  which  has  also  been  treated  in  [3]  with  different  methods 


EXAMPLE  4.7 

Consider  the  parabolic  PDE 
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(4.10) 1) 

(4.10) 2) 

(4.10) 3) 

(4.10) 4) 


\  ,  0  <  E  <  1  ,  t  >  0  , 

Zg ( 0 , t )  “  u(t)*  z^(1,t)  -  0  ,  t  >  0  , 

z(S,0)  -  tQ(E>  ,  0  <  C  <  1  , 

y (t)  “  /  c(E)z(E,t)dE  ,  t  >  0  . 

0 


Thiz  system  can  be  written  in  the  abstract  form  (4.1)  with 


X  -  L2t0,1]  ,  W  -  {♦  e  H2[0f1]|J(1)  -  0}  ,  0  -  R  , 


A*  -  w“2  4  ,  I>  -  * <0 ) 


z  “  V(A  )  -  p(A)  -  (4  e  H2[0,1)|*(0)  -  o  -  *(1)} 


The  operator  A  satisfies  (H3)  and  has  a  complete  set  of  eigenvectors 

♦„(C )  21*  4  (E)  ”  /?  cos  n»£  ,  corresponding  to  the  eigenvalues 

u  n 

2 

1-  »  0  ,  1  -  -n  ,  n  e  ■  .  In  order  to  determine  the  operator  B  >  R  +  z  ,  let  us 

u  n 

2 

choose  any  4  «  W  such  that  T4  »>  1  ,  e.g.  4(E)  “  — (C— 1  >  /2  .  Then,  for  every 

* 

4  8  Z  *  the  following  equation  holds 


B*4  -  <  B%,T4  >  -  <  *,Br4  >  -  <  4,A4  -  A4  > 

-  <  4*44  >  -  <  a*4,4  > 

--4  /  4(5>4<E)dE  -  “  J  4(E)4(5)dE 
w2  0  w  o 

1  -1  “  .  • 

-  -j  /  (4(C)4(E>  +  4(C)4(C)J<lC 
w  o 

-  -j[4(i)4d>  -  4(0)4(0>] 
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'J 

•J 


3 

I 

« 

1 

k 

* 

« 

a 

i 

A 

« 

! 

i 

j 


. r"^r*  1 Ti *7  B  A  /,  /  .*  «•  /  V*  , 


3-  A—  A  "  V-.lJL  »JL 


It  has  been  shown  in  PRITCHARD-SALAMON  {12}  that  these  operators  A  and  B  satisfy 
hypothesis  (HI)  and  therefore  system  (4.10)  is  wellposed  in  X  »  L2 [0,1]  in  the  sense  of 
Definition  4.1  (see  Proposition  4.S).  The  spectral  projection  of  L  [0,1]  onto  the 
eigenspace  -  {a4Q | a  6  R}  of  A  corresponding  to  the  unstable  part  A  -  { 0}  of  the 

spectrum  is  given  by 

1 

*.♦(5)  -  /  ♦(T)dT  ,  0  <  £  <  1  . 

0 

{♦0>  as  a  basis  of  ,  this  operator  splits  into  PA  -  »A»A  , 

2 

♦  R  and  i A  <  R  ♦  L  [0,1]  are  given  by 
1 

V  "  /  ♦<T>dT  «  'axa(^>  “  *A  »  o  <  £  <  1  . 

Then  the  reduced  finite  dimensional  system  (2.15)  is  described  by  the  "matrices" 

1 

Aa  -  o  ,  BA  -  -  *  ,  CA  -  /  c(£)d£  . 

0 

This  system  is  controllable  and  observable  if  and  only  if 

1 

(4.11)  C  -  J  c(£)d£  *  0  . 

A  0 

Stabilizing  matrices  are  given  e.g.  by 


With  the  choice  of 
2 

where  *A  :  L  [0,1] 


rA  -  v2/4  , 


so  that  h.  +  baFa 


"V  AA  +  GA  V1 


Then  the  operator  A^,  with 


F  ■  :  1  [0,1J  ♦  *  given  by 


2  1 


PCAp)  -  1*  e  H  (0,1] |*(1>  -  o,  *(0)  -j-  j  */£)d£}  , 

0 


v  -  -4  ♦ 

w 


The  eigenvectors  and  eigenvalues  of  Ap  coincide  with  those  of  A  except  for  1^  =  0 
which  is  now  replaced  by  *  -  V4  •  The  corresponding  normalized  eigenfunction  is 

♦p<£)  -  /2  sin  j  £  • 

He  will  choose  H  <*  span{$^}  and  the  maps 

(»pw)<£)  -  *p(£)w  ,  0  <  £  <  1  ,  w  e  R  , 

1  , 

-  J  *_l£>*lO<«:  ,  ♦  e  11  , 

0 

2 

So  that  t  w  3  L  [0,1]  ♦  W  is  the  orthogonal  projection  onto  W  and  w  i  -  1  . 

F  F  F  F 

Let  us  now  consider  the  case  that  c<£)  ■  £  for  0  <  £  <  1  .  Then  -  V2  and  we 
choose  G ^  “  -xg/2/2,  g  >  0  .  With  this  choice  the  operator  G  :  R  ♦  L2[0,1]  is  given  by 

[Gyl  (£)  -  (l.G.y]  (£)  -  -  Y  >  0  <  K  <  1  . 

A  A  j/j 

He  replace  this  operator  by 

[Gy]  (£)  -  [ip»pGy](0  -  -gy/2  sin  |  5  ,  0  <  £  <  1  , 


whose  range  is  in  H 


Since  the  perturbed  operator  A  +  GC  generates  an  analytic 


semigroup  it  satisfies  the  "spectrum  determined  growth"  assumption.  Furthermore,  its 
spectrum  is  given  by 

<J(A  +  GC) 

m  {-u2|gfl  -  cosuis  ]  »  w3[8K  +  r2/2V'2  -  /2w2u2]sinmw ,  oj  *  o| 

2 

if  g  >  0  .  In  the  case  g  <  0  there  is  an  additional  positive  eigenvalue  «  u>  >  0 

where 


U)H  -Bun  0  —  — 

_  e - +_£ - 1_2  _  u)3r8K  +  t,2/2/2  +  /2it2is2]  . 

*  our  idir  L  J 

e  -  e 

He  conclude  that  A  +  GC  generates  an  exponentially  stable  semigroup  if  and  only  if 
g  >  0  .  Hence  the  operators  F  and  G  satisfy  the  hypothesis  (H2)  with  the  one 
dimensional  subspace  W  -  spanUp}  .  In  this  case  the  compensator  (2.9)  is  described  by 
the  "matrices" 


M  -  itp(AF  +  GC) l p 


H  -  WpG  -  -  g 


K 


A  A  F  /2 


Hence  the  first  order  system 


defim 


itablizing  compensator  for  the  parabolic  PDE  (4.10)  with  c(£)  5  5 


if  and  only  if  g  >  0  . 

REMARK  4.8 

The  results  of  this  section  show  that  the  abstract  framework  of  section  2  is  general 
enough  to  cover  both  FDEs  and  PDEs.  We  mention  that  the  approach  of  this  section  can  also 
be  applied  to  damped  hyperbolic  systems.  Hence  this  paper  represents  a  complete 
generalization  of  the  compensator  design  of  SCHUMACHER  [16]  to  infinite  dimensional 
systems  with  unbounded  control  action.  However ,  the  degree  of  unboundedness  which  we  can 
allow  for  the  input/output  operators  is  not  as  general  as  one  would  desire.  For  example, 
for  the  parabolic  PDE  (4.10)  we  cannot  allow  simultaneously  Neumann  boundary  control  and 
point  observation.  Also  we  cannot  allow  Dirichlet  boundary  control  when  the  output 
operator  is  an  arbitrary  functional  on  L  [0,1]  .  A  general  theory  which  covers  these 
cases  would  require  the  consideration  of  unbounded  output  operators  as  well.  The 
development  of  such  an  approach  seems  to  involve  some  further  difficulties  and  would  be  an 
interesting  problem  for  future  research. 

REMARK  4.9 

Using  the  abstract  approach  outlined  in  section  2,  it  is  possible  to  directly  extend 
the  results  of  SCHUMACHER  [15],  [17]  on  tracking  and  regulation  in  infinite  dimensions  to 
unbounded  control  action.  A  different  approach  is  to  use  the  extended  system  formulation 
discussed  in  [2],  which  results  in  integral  control  action  and  this  can  be  found  in 
CURTAIN  [4]. 
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